The average of contralinear and crossed electron oscillations through the nucleus yields a ground-state energy that deviates less than 1% from experiment for He and other two-electron ions, except H − (6%).
I. INTRODUCTION
The helium atom broke the back of the old (Bohr-Sommerfeld) quantum theory. The approach that had started so promising with the Bohr model of 1913 was finally abandoned a decade later. Already in the second part of his seminal trilogy, 1 Bohr treated the He atom in terms of two electrons that orbit on the same circle-at diametrically opposite positions-about the nuclear charge. The centripetal force on each electron is 
The electron-electron repulsion can be formally combined with the nuclear charge (number) Z such as if each electron were subject to only a central force from an effective nuclear charge,
The orbit was then quantized by the requirement that each electron possesses an angular momentum mvr = nℏ,
where ℏ = h/2π is the reduced Planck constant and n a quantum number. Today every physics student learns the Bohr model: Solve Eqs.
(1) and (3) for v 2 , equate, and obtain the quantized orbit radius,
Here the Bohr radius, r B = ℏ 2 /me 2 = 0.53 × 10 −10 m, serves as a universal atomic length unit. The orbit energy of both electrons,
becomes quantized, after insertion of v 2 and r n from Eqs. (3) and (4),
expressed, for convenience, in terms of the Rydberg energy unit, R y = me 4 /2ℏ 2 = 13.6 eV .
From the formalism above one can see that Bohr's "two-seat-roundabout" model of the He atom is merely a Z ′ -scaled version, Eq. (2), of his model of the H atom. The ground-state (n = 1) energy of the He atom is then
(The reason for the subscipt xx will become clear shortly.) Table I compares calculated values of E xx with experimental data, E expt , measured by electron collision with He atoms (Frank-Hertz effect) in conjunction with spectroscopy. The calculation gives the right order of magnitude, with a discrepancy ∆ xx = |E xx −E expt |/ E expt ≈ 5% for He and somewhat less (more) for ions with larger (smaller) Z. Historically, this must have been an encouraging result, considering the simplicity of the model. However, Eq. (7) is a far cry from the "spectroscopic" accuracy of the energy terms of the Bohr model for the (one-electron) hydrogen atom or hydrogenic ionsEq. (6) with integer Z instead of Z ′ . Therefore efforts were soon made by a host of researchers (Sommerfeld, Landé, Kramers and Bohr, Van Vleck, Pauli and Born, Heisenberg and Born)
2 to improve the model for the He atom. Among the numerous attempts were a distinction of separate (inner and outer) coplanar electron orbits, then elliptical orbits in tilted planes, subject to various phase relations. Later, perturbation theory from celestial mechanics was employed. However, despite increasing efforts and sophistication, those calculations did not converge toward the experimental values. In fact, the most extensive methods (Kramers, Van Vleck) gave results that disagreed about as much (5% too loose) from the ground-state energy E expt as Bohr's original, naive model (5.5% too binding), Eq. (7). Even worse results were obtained (Heisenberg and Born) for excited states of He. In despair the old quantum theory of orbit quantization was abandoned in the mid 1920s and a seach for new principles began. This led to Heisenberg's discovery of matrix mechanics. Among the early triumphs of the new quantum mechanics were easy calculations of the ground-state energy of He with perturbation theory 3 (∆ ≈ 5%) and variational techniques 3 (∆ < 2%), and Heisenberg's explanation of the origin of the He singlet and triplet spectra. The helium atom was not the only failure of the old quantum theory. Two other short-comings were the theory's failure to give the correct multiplet structure of the hydrogen atom (neglecting spin) and the stability of the hydrogen molecule ion, H + 2 . Both these dilemmas can be resolved, however, by considering oscillations of the electron through the atomic nucleus (molecular nuclei), called "Coulomb oscillations."
5 After these successes of the Coulomb oscillator for one-electron systems it seems reasonable to apply this concept also to the He atom-a two-electron system.
II. COUPLED COULOMB OSCILLATORS
First assume that both electrons swing in opposite phase along the same axis through the nucleus, always at mirror positions, x 1 = x and x 2 = −x, with respect to the nucleus at x = 0. We want to call this oscillation mode "contralinear." The atom's total energy E xx at any mirror position x of the electrons must equal the potential energy of both electrons at their turning points, C and −C,
with Z ′ from Eq. (2). Here u denotes the electron's speed for the contralinear oscillation,
and, after simplification,
The action integral of the contralinear oscillation must, by Sommerfeld's quantization condition, be an integer multiple of Planck's constant,
with n = 1 for each electron of the He atom. The integral in Eq. (11) can be solved analytically. 5 This then gives the oscillation amplitude,
and, after insertion into Eq. (8), the same ground-state (n = 1) energy E xx as in Eq. (7). Thus, the contralinear Coulomb oscillator is energetically equivalent to Bohr's two-seat-roundabout model of the He atom: In both cases the electron-electron separation is always twice the electron-nucleus distance.
Let us now explore synchronous crossed Coulomb oscillations of two electrons through the He nucleus in perpendicular directions with equal amplitude, B. Again, the atom's total energy E xy for electron positions mirrored off the y = x diagonal, r 1 = (x, 0) and r 2 = (0, y), must equal the potential energy of both electrons at their turning points, x = B and y = B,
with a new effective nuclear charge number,
Since Eq. (14) scales with Eq. (8), the ground-state energy of the crossed Coulomb oscillation is analoguous to Eq. (7),
III. DISCUSSION Table I shows that the calculated values of E xy deviate from the experimental data, E expt , about as much as the previous E xx values, |E xy −E expt |/ E expt ≈ |E xx −E expt |/ E expt , although in the opposite direction, E xx < E expt < E xy . Interestingly, the value E xy (He) = −5.42 R y is close to the values obtained with different methods and enormous efforts by Kramers (−5.52 R y ) and by Van Vleck (−5.53 R y ).
2
The average of the energies of the contralinear and crossed Coulomb oscillator,
is found to be remarkably close to the experimental data. Table I shows deviations of 0.5% for He, 0.2% for higher-Z ions, and ≈ 6% for the hydride ion, H − . Two instructive comparisons are provided by quantum-mechanical expressions. First-order perturbation theory, 3 gives
The pertubation values E QM,1 are slightly less binding than E xy and likewise deviate considerably (≈ 5%) from the experimental data. A one-parameter variational treatment 3, 6 gives
withZ = Z − 5/16. Table I shows that the variational values E g QM deviate slightly more than those of the average Coulomb oscillator, E <CO> . The reason for the larger deviation in the case of the hydride ion, H − , is the relatively stronger electron-electron interaction which gives rise to a radiusdependent screening of the nuclear charge, Z − s(r), instead of a constant screening factor s as in all the above cases.
6
One can generalize the Coulomb oscillation of two electrons along straight lines that intersect the nucleus at any angle θ, including the previous, contralinear (θ = 180
• ) and crossed (θ = 90 • ) cases. This gives an effective chargeẐ
Close agreement of the ground-state energy,Ê(θ) = −2Ẑ 2 R y , with experimental values is obtained for θ ≈ 110
• . Of course, the straight orbits at any angle θ = 0 are not in dynamical equilibrium; they can only serve as approximations of the true, curved orbits which have not yet been derived.
IV. CONCLUSION
The purpose of this note is to report the amazing finding that the average ground-state energy of contralinear and crossed Coulomb oscillations of two electrons through a nucleus compares favorably with results from quantummechanical variation. A justification for the choice of these orbit orientations and their energy average is still lacking. I have also explored a quantization of the sum of contralinear and crossed action, A xx + A xy = h, with results very similar to E <CO> in Table I . The remaining task is to reveal the basic principle that underlies these findings.
The present lack of such a principle notwithstanding, the employment of the Coulomb-oscillator concept seems fruitful for the He problem as it proved 5 for the multiplet structure of H and the stability of H + 2 -two other stumbling blocks for the old quantum theory. The resolution of those dilemmas implies that the Bohr-Sommerfeld quantum theory was abandoned prematurely and for the wrong reasons. Contrary to the contention of Pauli, Heisenberg and Born, it was not so much the "orbit concept" that bedeviled the old quantum theory but-as we can see now with hindsight-the neglect of Coulomb oscillations and, of course, the ignorance of spin. There is no question of quantum mechanics' superiority in terms of accuracy and consistency. However, this comes at a high price: its mathematical abstract nature. In contrast, the old quantum theory's transparent combination of classical motion and quantized action provides visualization and builds physical intuition that facilitate the learning and understanding of quantum mechanics. ACKNOWLEDGMENTS I thank Duane Siemens and Preston Jones for discussions and help with computers. 
